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Abstract

Purpose – To study the hydrodynamic and thermal behaviors of a turbulent flow of nanofluids,
which are composed of saturated water and Al2O3 nanoparticles at various concentrations, flowing
inside a tube submitted to a uniform wall heat flux boundary condition.

Design/methodology/approach – A numerical method based on the “control-volume” approach
was used to solve the system of non-linear and coupled governing equations. The classical k-1 model
was employed in order to model the turbulence, together with staggered non-uniform grid system. The
computer model, satisfactorily validated, was used to perform an extended parametric study covering
wide ranges of the governing parameters. Information regarding the hydrodynamic and thermal
behaviors of nanofluid flow are presented.

Findings – Numerical results show that the inclusion of nanoparticles into the base fluid has
produced an augmentation of the heat transfer coefficient, which has been found to increase
appreciably with an increase of particles volume concentration. Such beneficial effect appears to
be more pronounced for flows with moderate to high Reynolds number. In reverse, the presence
of nanoparticles has induced a rather drastic effect on the wall shear stress that has also been
found to increase with the particle loading. A new correlation, Nufd ¼ 0.085 Re 0.71 Pr 0.35, is
proposed to calculate the fully-developed heat transfer coefficient for the nanofluid considered.

Practical implications – This study has provided an interesting insight into the nanofluid thermal
behaviors in the context of a confined tube flow. The results found can be easily exploited for various
practical heat transfer and thermal applications.

Originality/value – The present study is believed to be an interesting and original contribution to
the knowledge of the nanofluid thermal behaviors.
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Nomenclature
Cp ¼ specific heat of fluid
D ¼ tube inside diameter
hfd ¼ fully developed heat transfer

coefficient
hZ ¼ local wall heat transfer coefficient
hr ¼ nanofluid-to-base fluid heat transfer

coefficient ratio
I0 ¼ turbulent intensity at tube inlet
k ¼ fluid thermal conductivity
L ¼ tube length
Nufd ¼ fully developed Nusselt number,

Nufd ¼ hfdD/k0

NuZ ¼ local Nusselt number, NuZ ¼ hZD/k0

P ¼ pressure
Pr ¼ Prandtl number, Pr ¼ Cpm/k
qW

00 ¼ imposed uniform wall heat flux
Re ¼ Reynolds number, Re ¼ r0V0D/m0

R0 ¼ tube radius, R0 ¼ D/2
R ¼ radial coordinate
T, t ¼ mean and fluctuating temperature
TW ¼ fluid temperature at the tube wall
T0 ¼ fluid inlet temperature (reference

temperature)

Z ¼ axial coordinate
V ; v ¼ mean and fluctuating velocity vector
VZ ¼ axial velocity component

Greek letters
a ¼ fluid thermal diffusivity
w ¼ volume concentration of

nanoparticles
m ¼ fluid dynamic viscosity
u ¼ tangential coordinate
r ¼ fluid density

Subscripts
b ¼ bulk condition
bf ¼ base fluid
nf ¼ nanofluid
fd ¼ fully developed condition
p ¼ particles
r ¼ nanofluid-to-base fluid ratio
W ¼ wall condition
Z ¼ axial coordinate
0 ¼ reference (inlet) condition

1. Introduction
Conventional heat transfer fluids such as water, ethylene glycol and engine oil, possess
limited capabilities in term of thermal properties while compared to most solids, in
particular metals. In spite of considerable research and efforts deployed in the past, a
clear need does exist to date regarding the development of new strategies in order to
improve the thermal performance of heat transfer equipments. In recent years, modern
technologies have permitted the manufacturing of metallic particles down to the
nanometer scale, which in turn, has created a new and rather special class of fluids,
called nanofluids. The latter refer to two-phase mixtures usually composed of a
saturated liquid and a dispersed phase constituted of very fine metallic particles of size
below 40 nm, called nanoparticles. It has been known that the thermal properties of
such a nanofluid are well higher than those of the base fluid. In fact, some scarce
experimental data – see in particular Masuda et al. (1993), Choi (1995) and Lee et al.
(1999) – have clearly shown that with a relatively low particle loading, say from 1 to
5 percent in volume, a 20 percent increase of the apparent thermal conductivity has
been noticed for some particle suspensions. Such an increase appears to be dependent
on several factors such as particle form and size, its concentration as well as thermal
properties of constituents. These nanofluids can then be an interesting alternative for
advanced thermal applications, in particular micro and nano scale heat transfer where
high heat flux is required (Lee and Choi, 1996).

In spite of their potentials and features, these special fluids are still in their
development stage. The very first and rather scarce experimental works were
concerned only with the measurement of nanofluids effective thermal conductivity and
dynamic viscosity (Masuda et al., 1993; Choi, 1995; Pak and Cho, 1998; Lee et al., 1999;
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Wang et al., 1999; Eastman et al., 1999; Xuan and Li, 2000; Eastman et al., 2001). It
should be mentioned that in these works, physical and thermal properties of nanofluids
were provided for fixed reference temperature, say the ambient temperature. In their
recent works, Wang et al. (2003) and Xuan et al. (2003), employing fractal models, have
investigated the effects due to particle clustering on the effective thermal conductivity.
Das et al. (2003) and Putra et al. (2003) were likely the firsts who investigated the
influence of temperature on the nanofluid thermal properties. Their measures obtained
for water-Al2O3 mixture, although being limited to two specific particle volume
concentrations, say 1 and 4 percent, have clearly shown that with a temperature
increase, the effective thermal conductivity augments considerably; on the other hand,
the nanofluid dynamic viscosity decreases appreciably, which appears rather
interesting regarding potential uses of nanofluids in thermal applications. It is
important to note that, with regard to the nanofluid thermal properties, the actual
amount of experimental data available in the literature remains, surprisingly, quite
limited. Also, the influence of the particle shape on such properties has yet been clearly
understood to date. It is obvious that more research works will be needed in this
interesting issue in the near future.

From the theoretical viewpoint, such a liquid and ultra-fine particle mixture
represents a new, very interesting yet rather challenging problem to researchers in
fluid mechanics and heat transfer. In fact, it appears very difficult to establish any
theory that can reasonably predict the flow of nanofluid by considering it as a
multi-component fluid (Drew and Passman, 1999). Also, since a nanofluid, by nature, is
a two-phase fluid, one can then expect that it may possess common features with the
solid-fluid mixtures. On this issue, the question regarding whether the theory of
two-phase flows can be applied to nanofluids remains highly questionable. On the
other hand, due to particles random movement within the liquid as well as to their
extremely reduced size, one should mention some fascinating yet rather complex
phenomena such as thermal dispersion, intermolecular energy exchange and liquid
layering on the solid-liquid interface as well as phonon effects on the heat transport
inside the solid particle itself. Such phenomena are under intensive investigations from
researchers around the world, see in particular Keblinski et al. (2002) and Ohara and
Suzuki (2000).

Regarding the hydrodynamic and thermal behaviors of nanofluid in confined flows,
the experimental works by Pak and Cho (1998) and Li and Xuan (2002) have provided
interesting insight into thermal performance of nanofluids. In fact, the first empirical
correlations were proposed for computing the Nusselt number in both laminar and
turbulent tube flow using data collected from nanofluids composed of water and Cu,
TiO2 and gAl2O3 particles. Recently, Wen and Ding (2004) have experimentally studied
the thermal performance of water-gAl2O3 mixture under laminar flow regime in the
entrance region of a horizontal heated tube. In their most recent work, Yang et al. (2005)
have measured the convective heat transfer coefficients of several nanofluids that are
composed of graphitic nanoparticles and automatic transmission fluid. Results from
these pioneer works have clearly shown that the inclusion of dispersed particles
produces a remarkable increase the heat transfer of the base fluid, and the nanofluids
considered give, in general, higher heat transfer coefficient than the base-fluid
(saturated water) for given Reynolds number. Such improvement becomes more
important with an augmentation of the particle loading. Numerical results from the
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authors’ recent studies (Maı̈ga et al., 2004; Roy et al., 2004) have also confirmed the
above beneficial effects due to nanofluids, namely water-gAl2O3 and ethylene-gAl2O3

mixtures, for two different confined laminar flow configurations. In the present work,
we have thoroughly investigated the heat transfer enhancement capability of
water-gAl2O3 mixture flowing under turbulent regime inside a uniformly heated tube.

2. Mathematical modeling and numerical method
2.1 Governing equations
The problem under consideration consists of steady, forced turbulent convection flow
and heat transfer of a nanofluid flowing inside a straight tube of circular cross-section.
The fluid possesses uniform temperature and axial velocity profiles at the inlet section.
The tube is long enough so that the fully developed flow conditions prevail at the outlet
section. Also, the flow and the thermal field are assumed symmetrical with respect to
the vertical plane passing through the main axis (Figure 1).

2.1.1 Assumptions. As stated before, it appears that there exists no formulated theory
known to date that could reasonably predict the flow behaviors of a nanofluid by
considering it as a multi-component material. It is interesting to note that most
nanofluids used in practical applications are usually composed of oxide particles finer
than 40 nm. Therefore, it has been suggested that the particles may be easily fluidized
and consequently, can be considered to behave more like a fluid than a heterogeneous
mixture (Xuan and Roetzel, 2000). Furthermore, by assuming negligible motion slip as
well as the thermal equilibrium between the phases, the resulting mixture may then be
considered as a conventional single-phase fluid, which possesses effective physical
properties being function of the properties of both constituents and their respective
concentrations (Pak and Cho, 1998; Xuan and Roetzel, 2000). As a result, a direct
extension from a conventional fluid to a nanofluid appears feasible, and one may then
expect that the classical theory developed for a conventional single-phase fluid can be
applied to a nanofluid as well. Thus, all the equations of conservation (mass, momentum
and energy) as well known for single-phase fluids can be directly applied to nanofluids.

The above single-phase fluid assumption, which appears somewhat too simplistic,
has its own merit and, of course, limit. Owing to a striking lack of data permitting to
establish a clear picture of the physical mechanisms governing the suspended
nanoparticles within a continuous liquid phase, it appears rather difficult to assess the
exact limit of such an important assumption. It is believed that, under the conditions of
negligible slip and thermal equilibrium between the phases, and as long as the particle

Figure 1.
Geometrical configuration
of the problems studied
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suspension is assured and their spatial distribution can approximately be considered
as uniform throughout the domain, then the single-phase fluid assumption may
reasonably be applied. From the practical point of view, one must strictly consider
mixtures with relatively low particle concentration; on the other hand, the preparation
of such particle-liquid mixture itself must be carefully handled in order to ensure a
perfect mixing of the particles inside the liquid phase. It should be noted, as pointed out
by Keblinski et al. (2005), that the stability of the particle suspension is indeed one of
the crucial issues for both scientific research and practical applications.

It is very interesting to mention that, although more experimental data will be
needed in order to assess the single-phase fluid assumption, it seems to be validated, to
some extent, through the experimental results by Pak and Cho (1998) and Li and Xuan
(2002) in which correlations of a form similar to that of the well-known Dittus-Boelter
formula were proposed to characterize nanofluids heat transfer. Such a validation also
appears to be held as well through the satisfactory comparisons of our numerical
results presented later in this paper.

In this work, we have adopted the above “single phase fluid” approach in order to be
able to studying the thermal behaviors of nanofluids. Also, the water-gAl2O3 mixture
under consideration is assumed incompressible with constant physical properties which
are to be evaluated for a given particle concentration and at the reference state
corresponding to the fluid inlet temperature. Under such conditions, the general
conservation equations written in the vector form are as follows (Warsi, 1999; Yuan, 1967):

divðrV Þ ¼ 0 ð1Þ

divðrV V Þ ¼ 2gradðPÞ þ m7 2V 2 divðr�v�vÞ ð2Þ

divðrVCpTÞ ¼ divðk grad T 2 rCp �v�tÞ ð3Þ

In the above equations, symbols in upper case such as �v, P and T represent the time
averaged variables, while those in lower case such as v and t stand for the fluctuating part
of the variables considered; the terms r�v�v and rCp �v�t represent, in fact, the Reynolds
stresses tensor and the turbulent heat fluxes that are unknown and must be appropriately
determined in term of the mean velocity and temperature fields corresponding to the
problem under consideration.

2.1.2 Modeling of turbulence. For the proper closing of the governing equations (2)
and (3), one needs to introduce empirical data or approximate models to express the
turbulent stresses and heat-flux quantities to the related physical phenomenon. In the
present study, we have adopted the well-known and classical k-1 turbulent model as
proposed by Launder and Spalding (1974), which introduces two additional equations
of conservation, namely the equation of the turbulent kinetic energy, k, and the
corresponding one for the rate of dissipation, 1. The simplifying form of these
equations is given as follows in the divergence-gradient form:

divðr �VkÞ ¼ div{ðmþ mt=skÞ grad kÞ} þ Gk 2 r1 ð4Þ

divðr �V1Þ ¼ div{ðmþ mt=s1Þ grad 1Þ} þ C11ð1=kÞGk þ C21rð1
2=kÞ ð5Þ

In the above equations, Gk represents the generation of turbulence kinetic energy due
to the mean velocity gradients; C11 and C21 are constant; sk and s1 are the turbulent
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Prandtl numbers for k and 1, respectively; and mt is the turbulent (or eddy) viscosity,
computed as:

mt ¼ rCmk
2=1 ð6Þ

where Cm is a constant.
The various constant of the k-1 model are given as follows (Launder and Spalding,

1974; Anderson et al., 1984):

C11 ¼ 1:44; C21 ¼ 1:92; Cm ¼ 0:09; sk ¼ 1:0 and s1 ¼ 1:3 ð7Þ

Note that the complete details regarding the derivation of the Reynolds form of the
conservation equations as well as the k-1 turbulent model have been very well
documented elsewhere (the reader is invited to consult, in particular, the above named
references for further details). Regarding the turbulent viscosity mt in particular, there
is, unfortunately, a clear lack of data permitting an appropriate quantification of this
property for use with mixtures containing nanoparticles. Since we have assumed that
the nanofluid would behave as a single-phase homogenous fluid, the turbulent
viscosity mt may then be evaluated as for a conventional fluid, says by the equation (6)
according to the k-1 turbulent model. Furthermore, it is important to mention that,
although there are several others semi-empirical turbulent models that can be
employed for the tube flow, their performance for use in the case of nanofluid flows has
yet been established. We have adopted the k-1 model mainly because of its simplicity.
As we can notice later in Section 3.2 where a successful comparison has been carried
out against empirical correlations for turbulent flow, the k-1 model appears, to our
opinion, to perform quite satisfactorily with nanofluids.

2.2 Boundary conditions
The conservation equations (1)-(5) constitute a non-linear and highly coupled PDE
system that must be appropriately solved subject to the following boundary
conditions. At the tube inlet section, uniform profiles of fluid axial velocity V0,
temperature T0 and turbulent intensity I0 have been prescribed; by assuming
turbulence isotropy, the turbulent kinetic energy at the inlet section can then be
evaluated as k0 ¼ 1.5I0

2V0
2 (Warsi, 1999). At the outlet section, the fully developed

conditions prevail, that is to say that all axial derivatives are zero. On the tube wall, the
usual non-slip conditions are imposed, all velocity components and turbulent
parameters such as k and 1 are zero; also, the condition of uniform wall heat flux
prevails. In this study, the treatments of the near-wall region were based on the
classical and well-known wall functions as proposed by Launder and Spalding (1974),
see also Launder and Spalding (1972) and Warsi (1999) for complete details. Finally, it
has been assumed that both the flow and thermal fields are symmetrical with respect to
the vertical plane passing through the tube longitudinal main axis.

2.3 Thermal and physical properties of nanofluids
By assuming that the particles are well dispersed within the base-fluid, i.e. the particle
concentration may be considered as uniform throughout the domain, the effective
thermal properties of the nanofluid studied can be evaluated by using the following
classical relations developed for a two-phase mixture (indices “p”, “bf” and “nf” refer,
respectively, to the particles, the base-fluid and the nanofluid, while “r” refers to the
“nanofluid/base fluid” ratio of the physical quantity under consideration):
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rnf ¼ ð1 2 wÞrbf þ wrp ð8Þ

ðCpÞnf ¼ ð1 2 wÞðCpÞbf þ wðCpÞp ð9Þ

mr ¼
mnf

mbf
¼ 123w 2 þ 7:3wþ 1 ð10Þ

kr ¼
knf

kbf
¼ 4:97w 2 þ 2:72wþ 1 ð11Þ

The equations (8) and (9) are general relationships usually used to compute the density
and specific heat for a classical two-phase mixture (Pak and Cho, 1998). For the
dynamic viscosity of the nanofluid studied, equation (10) has been introduced to
compute the dynamic viscosity of water-gAl2O3 mixture. Such an equation was
obtained by performing a least-square curve fitting from Wang et al. (1999)
experimental data. With regard to its effective thermal conductivity over the desired
range of particle concentration (say up to 10 percent), we have introduced the equation
(11) that was obtained based on the empirical model proposed by Hamilton and Crosser
(1962) assuming spherical shape of particles. It is very interesting to note that this
model, although being originally developed based on data collected from mixtures
containing millimeter and micrometer size particles, appears appropriate for
nanoparticles (Xuan and Roetzel, 2000). Details and discussion regarding the
determination of the thermal properties of the nanofluid studied, in particular the
equations (10) and (11), have been presented elsewhere (Maı̈ga et al., 2004; Maı̈ga, 2004)
and hence, are not repeated in this paper for the sake of space.

2.4 Dimensionless governing parameters
One can determine that the problem under consideration is characterized by a set
of five dimensionless parameters, namely the flow Reynolds number Re, the
Prandtl number Pr, the particle volume concentration w and the property ratios
kp/kbf and (Cp)p/(Cp)bf, their definition is given in the Nomenclature. It should be
noted that the shape and dimension of particles themselves also constitute factors
that may have important effect on the heat transfer and fluid flow characteristics
of nanofluids as well. Such an influence, unfortunately, has yet to be clearly
determined to date.

2.5 Numerical method and code validation
The system of governing equations (1)-(5) was solved by employing the “finite
control volume” numerical method. Since such method has been very well
documented elsewhere, only a brief review is given here. This method is
essentially based on the spatial integration of conservation equations over finite
control volumes, using the well known power-law scheme to compute the so-called
“combined convection-and-diffusion” fluxes of heat, momentum and other
quantities resulting from the transport process. Also, the staggered grids have
been used where the velocity components are calculated at the center of the
volume interfaces while the pressure as well as other scalar quantities such as
temperature and turbulent variables k and 1, for example, are computed at the
center of the control volume itself. The algebraic “discretized equations” resulting
from the integration process were sequentially, i.e. one at a time, and iteratively
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solved throughout the physical domain considered, by combining the “line-by-line”
procedure, the three diagonal matrix algorithm technique and the efficient
alternate-direction and multi-passes-sweeping technique. On the other hand, the
special “pressure-correction” equation, obtained by a combination of the discretized
form of the Navier-Stokes equation (2) and the corresponding one of the continuity
equation (1), has been employed not only to calculate the guessed pressure field,
but also to correct the guessed velocities field in order to progressively satisfy all
the discretized equations (the reader is advised to consult Patankar (1980) for
complete details regarding the numerical method and procedures).

In order to ensure not only the accuracy of numerical results but also their
independence with respect to the number of grid points employed, several non-uniform
grids were extensively probed through a rigorous procedure (Maı̈ga, 2004; Maı̈ga et al.,
2004), which has shown that the 32 £ 24 £ 155 non-uniform grid appears satisfactory
for the tube flow problem under consideration. This grid possesses 32, 24 and
155 nodes, respectively, along the radial, tangential (for u varying from 0 to 1808) and
axial directions, with highly packed grid points near the tube wall and in particular, in
the entrance region of the tube; while the angular increment is constant along the
tangential direction. As convergence indicator, we have considered the residuals that
result from the integration of conservation equations (1)-(5) over finite control-volumes.
During the calculation process, these residuals were constantly monitored and
scrutinized; for the simulations performed in this study, converged solutions were
usually achieved with residuals as low as 1028 (at least) for all of the governing
equations.

The computer model has been successfully validated for both laminar and turbulent
flow regimes (Maı̈ga et al., 2004; Maı̈ga, 2004). With regard to the turbulent tube flow
which is under consideration, Figure 2(a) shows, for example, the numerical results for
the mean axial velocity profile as obtained for various Reynolds number. For
comparison purpose, the well known theoretical Blasius 1/7th and 1/10th velocity
distributions as well as some experimental data by Nikuradse (Yuan, 1967) are also
shown. The concordance with the above data may be qualified as satisfactory although
our values of Re are unfortunately different. Figure 2(b) shows another comparison for
the Nusselt number as function of the flow parameter Re. Again, the agreement
between our results and the well known Dittus and Boelter (1930) correlation appears
quite acceptable except for the case Re ¼ 10,000 where a relatively important
discrepancy has been noticed. Such behavior, after further testing and investigation, is
believed to be due to the fact that the k-1 model could not adequately predict behaviors
of a low Reynolds number turbulent flow.

In light of the above satisfactory validation tests, one can conclude with confidence
about the appropriateness of the mathematical model as well as the reliability of the
numerical method adopted in this study.

3. Results and discussion
The numerical simulations have been carried out for water-gAl2O3 mixture and
various particle concentrations w varying from 0 to 10 percent. The tube has a diameter
of 0.01 and 1 m of length. The fluid inlet temperature has been fixed to 293.15 K and the
flow Reynolds number has varied from 104 to 5 £ 105. In the following, some
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significant results showing the beneficial effects due to the presence of nanoparticles
are presented and discussed.

3.1 Effect of nanoparticles on axial development of the thermal field
Figure 3(a) shows, at first, the axial development of fluid bulk and wall temperatures as
function of particle loading parameter w for the particular case Re ¼ 105 with a wall
heat flux of qW

00 ¼ 5 £ 105 W/m2. One can observe that with the increase of w, both
temperatures have clearly and appreciably decreased. Such a diminution is observed
all along the tube length, and is more pronounced towards the tube end. Thus, at
the outlet section, for example, a decrease of nearly 10 K is achieved for w increasing
from 0 (i.e. base fluid) to 10 percent. Such a beneficial effect can be attributed, in major
part, to the fact that with the increase of particle loading, the resulting mixture thermal
properties become greatly improved. Thus, for the case w ¼ 10 percent, for example,
values of its heat capacity rCp and thermal conductivity k have majored by nearly 18
and 32 percent with respect to those of the base fluid. The same beneficial influence due

Figure 2.
Results from validation

tests: (a) fully developed
axial velocity profiles; and
(b) fully developed Nusselt
number as function of Re
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Figure 3.
For case Re ¼ 105, effect of
w on axial development of:
(a) fluid bulk and wall
temperatures; (b) local
heat transfer coefficient
ratio; and (c) local Nusselt
number
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to the inclusion of nanoparticles has been consistently observed for other Reynolds
numbers considered in this study. It is also interesting to notice a rapid axial
development of wall temperature in the entrance region of the tube, behavior that
appears physically realistic for a turbulent tube flow (Yuan, 1967).

The above beneficial effect due to nanoparticles may be better observed on
Figure 3(b), which shows, for the same cases considered, the axial development of the
local heat transfer coefficient ratio (hZ)r – defined as (hZ)r ¼ (hZ)nf/(hZ)bf – as function
of the parameter w. It is clearly observed that the latter has a tremendous influence on
the heat transfer rate. Thus, for the case w ¼ 10 percent and Re ¼ 105, for example, one
can see that the heat transfer augmentation of nearly 72 percent is achieved at the tube
end while compared to the base fluid at same Reynolds number. It is also observed that
the ratio hr increases steeply in the entrance region and reaches a constant value at a
short distance, say within 40 diameters from the tube inlet. Such behavior, which
has not been observed in the case of laminar flow of nanofluids (Maı̈ga et al., 2004),
is clearly a characteristic of turbulent flow where the axial development of
the hydrodynamic and thermal fields is generally more accelerated than that of a
laminar one.

Figure 3(c) shows the axial variation of the local Nusselt number for the cases
considered earlier. It is interesting to observe that in the vicinity of the inlet section, say
within few diameters, very high values of the Nusselt number, and hence of the local
heat transfer coefficient, can be achieved under the combined effect due to
nanoparticles and boundary layer development. Here again, one can observe that, in
general, the Nusselt number increases considerably with an augmentation of particle
loading. Thus, for example, for the case shown, NuZ near the tube exit has increased
from 563 to 732 for w varying from 0 to 10 percent, an augmentation of almost
23 percent (note that the definition of NuZ includes the nanofluid thermal conductivity
that, as we know, also increases with the parameter w).

3.2 Effect of parameters Re and w on turbulent heat transfer
The above beneficial effect due to the presence of nanoparticles has also been clearly
shown in Figure 4(a) and (b) that shows, respectively, the variation of the fully
developed wall heat transfer coefficient hfd (W/m2 K) and the nanofluid-to-base fluid
heat transfer coefficients ratio (hfd)r with respect to the key parameters w and Re. As
one may expect, both of these parameters have important influence on the heat
transfer. Thus, for a given value of Reynolds number, heat transfer coefficient clearly
augments with an increase of particle loading parameter w; for Re ¼ 104, for example,
the heat transfer coefficient has increases from 8,808 W/m2 K at w ¼ 0 percent to
13,190 W/m2 K at w ¼ 10 percent. On the other hand, for a fixed particle volume
concentration, say w ¼ 5 percent, for example, hfd has increased from 10,837 W/m2 K to
a value as high as 180,482 W/m2 K for Re augmenting from 104 to 5 £ 105. It is very
interesting to observe from Figure 4(a) that a combination of high particle loading and
high Reynolds number flow can produce a rather high wall heat transfer rate, which
appears very useful for some advanced and special thermal applications. The heat
transfer enhancement with respect to the base fluid (saturated water) is represented by
the ratio of fully developed heat transfer coefficients, (hfd)r (Figure 4(b)). Again, the heat
transfer advantage of nanofluids over the base fluid is obvious as we can observe that
the ratio (hfd)r considerably increases with the augmentation of the parameter w. Thus,
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for Re ¼ 104 in particular, such a heat transfer enhancement is estimated to be 5, 10, 23,
35 and 50 percent, respectively, for w ¼ 1, 2.5, 5, 7.5 and 10 percent. One can also
observe that for sufficiently high Reynolds numbers, say for Re $ 5 £ 104, the
influence of this parameter Re on the heat transfer coefficient ratio (hfd)r tends to
become negligible.

It is very interesting to mention that the above behaviors and trends regarding the
increase of heat transfer as function of the parameters w and Re have been found to be
consistent with experimental data by Pak and Cho (1998) and Li and Xuan (2002).
Table I shows, in particular, the comparison between our results as obtained for the
ratio (hfd)r and the case Re ¼ 50,000 and the corresponding values obtained by using
the only and recent experimental correlation proposed by Pak and Cho (1998) for
a turbulent flow of nanofluids. One can see that the agreement appears quite
satisfactory with relative errors estimated to be 9, 12 and 14 percent, respectively, for
w ¼ 1, 2.5 and 5 percent (it should be noted that Pak and Cho (1998) correlation is
applicable, in principle, to a maximum particle volume fraction of nearly 3.2 percent;
hence the comparison shown for the case of 5 percent of volume concentration is only

Figure 4.
Effect of parameters w and
Re on: (a) fully developed
heat transfer coefficient;
and (b) ratio of fully
developed heat transfer
coefficients
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for indicating the trend). Such a comparison may give a certain indication about the
appropriateness as well as the reliability of both the mathematical model and the
turbulent model used in the present study. Furthermore, one may also state, although
indirectly, that the assumption regarding the approximation of a nanofluid as a
single-phase homogenous fluid appears reasonable.

Figure 5 shows the variation of the corresponding fully developed Nusselt number
as function of parameters Re and w. As one may expect from the previous discussion
concerning the nanofluid heat transfer behavior, it is observed that the Nusselt
number increases considerably with both of these parameters. Thus, for a given
Reynolds number, say Re ¼ 104, Nufd increases in fact from 145 (w ¼ 0 percent) to
165 (w ¼ 10 percent); on the other hand, for a fixed particle volume fraction, say
w ¼ 5 percent, for example, Nusselt number has passed from 156 to a value as high as
2,630 for Re augmenting from 104 to 5 £ 105. It should be noted that in Figure 5, the
increase of Nufd with respect to parameter w appears less pronounced for low and
moderate Reynolds numbers, which is due to the fact that the definition of Nufd

includes nanofluid thermal conductivity that also increases with particle volume
concentration. Again, one can observe that a combination of both high Reynolds
number and high particle concentration may lead to a rather interestingly high value of
the Nusselt number.

We have attempted to see whether our numerical results for Nusselt number as
obtained from the simulations can be represented either by Dittus and Boelter (1930)
and Pak and Cho (1998) correlations. Note that the first correlation is well known for

Particle loading w (percent) (hfd)r present study (hfd)r by correlation from Pak and Cho (1998)a

1 1.05 1.16
2.5 1.12 1.27
5b 1.30 1.51

Notes: aPak and Cho (1998) data are limited to a maximum particle volume concentration of
3.16 percent; bfor indication of the trend only

Table I.
Comparison with

experimental correlation
for ratio (hfd)r,
Re ¼ 5 £ 104

Figure 5.
Effect of parameters w and

Re on fully developed
Nusselt number
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computing Nusselt number for a turbulent flow while the second one, also empirical,
was likely the first that has been proposed based on data collected from various types
of nanofluid. The outcome of such a process was somewhat little deceiving. First, by
comparing our results for Nusselt number to the values as given by the Dittus and
Boelter correlation using corresponding values of nanofluid parameters Re and Pr, we
have found that the maximum, mean and standard deviation of the relative error are,
respectively, 46, 18 and 13 percent. We have also observed that in general, errors
remain relatively acceptable and vary from 5 to 22 percent for Re $ 5 £ 104; while for
the case Re ¼ 104, however, drastically large errors ranging from 37 to 46 percent have
been found. Nevertheless, we believe that except of a low Reynolds number, in
particular Re ¼ 104, the Dittus and Boelter (1930) correlation may be approximately
considered for calculating the nanofluid heat transfer for turbulent tube flows.
Following the same idea, this seems to indicate that the assumption of the single-phase
fluid to representing a nanofluid appears, to our opinion, to be reasonable for the
studied case and ranges of the governing parameters considered.

Regarding the Pak and Cho (1998) experimental correlation – say the only available
correlation that can be, in principle, used for the type of nanofluid under study – we
have first attempted to see whether such correlation can be used over the entire ranges
of the governing parameters considered. Such an attempt was unfortunately
unsuccessful! The following errors were encountered: 40, 13 and 13 percent,
respectively, as maximum, mean and standard deviation of the relative error. We have
also observed that the deviations remain slightly less pronounced than those found
with the Dittus and Boelter (1930) correlation. For example, the relative errors are
ranging from 1 to 16 percent for the range Re $ 5 £ 104; again, for the cases Re ¼ 104

in particular, large relative errors to a maximum of 40 percent have been found. Hence,
we can also say that the Pak and Cho (1998) correlation appears appropriate for
representing numerical results for the range Re $ 5 £ 104. The possible reason for
such large discrepancies may come from the fact that, as it has been mentioned
previously, Pak and Cho (1998) experimental data were limited to relatively low
particle concentration, say w # 3.2 percent, and flow Reynolds number ranging from
104 to 105. As a second attempt, we have employed Pak and Cho (1998) correlation only
for the ranges Re # 105 and w # 2.5 percent, say within the ranges of the parameters
originally considered by these authors. As one can expect, the discrepancies appear
much lower, with an exception again for the cases with Re ¼ 104 for which a maximum
relative error of 40 percent has been found. Fortunately, for all other values of Re # 105

(and w # 2.5 percent), the relative errors remain low and vary from 1 to 3 percent,
which appear rather satisfactory. Complete details and discussion regarding the
performance of the above correlations were presented in Maı̈ga (2004).

In conjunction with the above discussion, we attempted in this study to provide
a new correlation that would cover larger range of the parameters Re and w. The
following correlation was obtained from the numerical results using an available
genetic algorithm (Turkkan, 2004):

Nufd ¼ 0:085 Re 0:71 Pr 0:35 ð12Þ

This correlation exhibits maximum, mean and standard deviation of relative error of
19, 12 and 6 percent, which appear, by far, more reasonable. It is expected to be
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applicable for the following ranges of the parameters: Re from 104 to 5 £ 105, Pr from
6.6 to 13.9 and w from 0 to 10 percent.

3.3 Effect of parameters Re and w on wall shear stress
The above beneficial influence due to the presence of nanoparticles on heat transfer
performance has, unfortunately, a somewhat major drawback on the wall shear stress.
In fact, it has been observed that for laminar flow regime, nanofluids produce higher wall
friction than a base fluid for different confined flow geometries (Maı̈ga et al. 2005; Roy
et al. 2004). Similar trends were also noticed regarding the turbulent flow regime
considered in this study. Figure 6(a) and (b) shows, respectively, the variation of the fully
developed wall shear stress tfd (Pa) and its nanofluid-to-base fluid ratio (tfd)r as function
of the parameters Re and w. One can see that, in general, the wall friction increases
considerably with an increase of both parameters. Thus, for given Reynolds number, tfd

increases with respect to the particle loading parameter w; this effect appears clearly
more pronounced for high Reynolds numbers. Thus, for Re ¼ 2 £ 105 in particular,

Figure 6.
Effect of parameters w and
Re on: (a) fully developed
wall shear stress; and (b)

ratio of fully developed
wall friction
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values of tfd are, respectively, 728 Pa (w ¼ 0) and 4,960 Pa (w ¼ 10 percent). It should be
mentioned that due to an extended scale of tfd, its increase with respect to w appears
“graphically” less important for relatively low Reynolds numbers, say for Re # 105. In
reality, tfd always augments with w regardless the values of Re; for Re ¼ 5 £ 104, for
example, tfd has in fact increased from 61 to 418 Pa as w augments from 0 to 10 percent.
Such a behavior is obviously due to the increase of fluid dynamic viscosity that also
augments considerably with an increase of particle loading. On the other hand, the
corresponding increase of the wall shear stress with respect to the flow Reynolds
number is, as one may expect, very important. For w ¼ 2.5 percent, for example, tfd has
augmented from 10 Pa to nearly 5,635 Pa for Re increasing from 104 to 5 £ 105. At a
higher value ofw, the effect due to the Reynolds number even becomes more pronounced.

On the relative nanofluid-to-base fluid basis, it has been found that the ratio (tfd)r
also increases considerably with the particle loading parameter w (Figure 6(b)). It is
very interesting to observe that the influence of parameter Re on the ratio (tfd)r appears
practically negligible; for a given particle concentration, (tfd)r is almost identical for all
of the Reynolds numbers considered. From this figure, (tfd)r has as values, 1.15, 1.47,
2.45, 4.11 and 6.81, respectively, for w ¼ 1, 2.5, 5, 7.5 and 10 percent. This implies that,
for 10 percent particle concentration in particular, one would expect a wall shear stress
of factor nearly seven times of that of saturated water, given identical flow Reynolds
number. Such a drastic effect on the wall shear stress may, of course, constitute a major
drawback regarding some potential applications of the nanofluids.

4. Conclusion
In this paper, we have investigated, by numerical simulations, the thermal performance
of a nanofluid, water-gAl2O3 mixture, which flows under turbulent regime inside a
uniformly heated tube. Results have clearly shown that with the presence of
nanoparticles, heat transfer of a resulting nanofluid has, by far, considerably increased
while compared to that of saturated water. Such an enhancement has been found to
become more pronounced with the increase of the particle volume concentration as well
as with the flow Reynolds number. A particularly important wall heat transfer rate may
be achieved by combining a high particle loading and mass flow rate. In reverse, it is
observed that nanofluids exhibit, in general, more important wall shear stress than that
of the base fluid; such an increase also becomes mores pronounced with the particle
volume concentration. A new correlation, Nufd ¼ 0.085 Re 0.71 Pr 0.35, has been obtained
from the parametric study in order to compute the fully-developed heat transfer
coefficient as function of the flow Reynolds number and the fluid Prandtl number; such
correlation is valid for 104 # Re # 5 £ 105, 6.6 # Pr # 13.9 and 0 # w # 10 percent.
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